In this paper we study the (2 + 1)-dimensional Dirac-Dunkl oscillator coupled to an external magnetic field. Our Hamiltonian is obtained from the standard Dirac oscillator coupled to an external magnetic field by changing the partial derivatives by the Dunkl derivatives. We solve the Dunkl-Klein-Gordon-type equations in polar coordinates in a closed form. The angular part eigenfunctions are given in terms of the Jacobi-Dunkl polynomials and the radial functions in terms of the Laguerre functions. Also, we compute the energy spectrum of this problem and show that, in the non-relativistic limit, it properly reduces to the Hamiltonian of the two dimensional harmonic oscillator.
Introduction
The relativistic version of the Dirac oscillator was not so direct to obtain in Quantum Mechanics. To achieve this, Ito et al. [1] and Cook [2] added the linear term −imcωβα · r to the relativistic momentum p of the free-particle Dirac equation. Later, this problem was called "Dirac oscillator" by Moshinsky and Szczepaniak who constructed its explicit solutions, showed that its symmetry Lie algebra is so(4) ⊕ so (3, 1) and found its generators [3, 4] .
A peculiar characteristic of this problem is that in the non-relativistic limit, it reduces to the harmonic oscillator plus a spin-orbit coupling term. The Dirac-Moshinsky oscillator is a crucial problem in Relativistic Quantum Mechanics and has been extensively studied and applied in many branches of physics, as can be seen in Refs. [5] [6] [7] [8] [9] [10] [11] . One of the most important applications of the Dirac oscillator is its connection with Quantum Optics [6, 12, 13] through the Jaynes-Cummings and Anti-Jaynes-Cummings models [14] .
The Dunkl operators D x i are combinations of differential and difference operators, associated to a finite reflection group G, and were introduced by Yang in the context of the deformed oscillator [15] . Dunkl reintroduced these operators to study polynomials in several variables with reflection symmetries related to finite reflection groups [16] . The Dunkl Laplacian, obtained from the Dunkl derivative, is a combination of the classical Laplacian in R n with some difference terms, such that the resulting operator is only invariant under G and not under the whole orthogonal group [16, 17] . The Dunkl operators are closely related to certain representations of degenerate affine Hecke algebras [18, 19] , and its commutative algebra has been used to study integrable models of quantum mechanics, as the CalogeroSutherland-Moser models [20] [21] [22] .
Recently, the quantum mechanical isotropic oscillator and Coulomb problems involving the Dunkl derivatives have been shown to be superintegrable systems, and are closely related to the −1 orthogonal polynomials of the Bannai-Ito scheme [23] [24] [25] [26] . In these works, the authors also obtained the symmetry of each problem (called Schwinger-Dunkl algebra) and the exact solutions of the Schrödinger equation in terms of Jacobi, Laguerre and Hermite polynomials. In the same sense, in Refs. [27, 28] we solved the two-dimensional Dunkloscillator and the Dunkl-Coulomb problems algebraically by using the su(1, 1) Lie algebra and the theory of unitary irreducible representations.
In particular, in Refs. [23, 26] the harmonic oscillator and the Coulomb problems have been studied by changing the standard derivatives
. This is why these systems are referred as Dunkl-oscillator and the Dunkl-Coulomb problems, respectively. In the present paper we extend this idea to the relativistic regime, by studying the Dirac oscillator coupled to an external magnetic field, with Dunkl derivatives. We refer this problem as the Dirac-Dunkl oscillator. The aim of the present work is to study the exact analytical solutions of the (2 + 1)-dimensional Dirac-Dunkl oscillator coupled to an external magnetic field. For this problem, we obtain in closed form the eigenfunctions and the energy spectrum.
This work is organized as follows. In Section 2, we introduce the Dirac-Dunkl oscillator in 2 + 1 dimensions coupled to an external magnetic field. We decouple the equations for the upper and lower wave functions and introduce polar coordinates to separate variables. Along this work we use the results of Ref. [23] to solve the angular part. In Section 3, we obtain the radial states and energy spectrum for the upper and the lower components when the condition ω > ω c /2 is satisfied. In Section 4, we study the cases ω = ω c /2 and ω c /2 > ω with an analogous procedure to the one we used in Section 3 to obtain its exact solutions. In Section 5, we compute the non-relativistic limit of our problem to show that our Hamiltonian can be properly reduced to the non-relativistic harmonic oscillator in two dimensions. Finally, we give some concluding remarks. 
If we consider the presence of an external uniform magnetic field B, this Hamiltonian is modified as
where ω is the oscillator frequency, r is the position vector of the oscillator and A is the vector potential in the symmetric gauge
Now, we restrict our analysis to 2 + 1 dimensions in which the Dirac matrices are set in the standard way in terms of Pauli spin matrices α 1 = σ 1 , α 2 = σ 2 , β = σ 3 . Thus, the Hamiltonian of equation (2) takes the form 
we obtain what we call the Dirac-Dunkl Hamiltonian H DD . The constants in the Dunkl derivative are restricted to be µ x ≥ − 1 2
and µ y ≥ − 1 2 [23] . Here, R x and R y are the reflection operators in the x− and y− coordinates respectively, it is to say, R x f (x, y) = f (−x, y) and
The purpose of the present paper is to solve the eigenvalues problem H DD ψ = Eψ, where
T . Using the properties of the reflection operators
where we have defined E =
. In these expressions, the Dunkl Laplacian ∇ 2 D is defined as
By using polar coordinates, this operator takes the form
where B φ is defined in equation (50) of Appendix. We emphasize that the angular operator
. This allows us to write the Dunkl-Laplacian operator as
With this equation and the definition of the operator J we can rewrite the Dunkl-KleinGordon equations (6) and (7) as follows
wereẼ ≡
2 2 c 2 . Now, the main problem is to solve the above differential equations. Similarly as it occur in the case of the non-relativistic Dunkl oscillator and the DunklCoulomb problems [23, 26] , as we will show in Section 3, the Dunkl-Klein-Gordon equations (11) and (12) of the relativistic oscillator can be solved by separable variables in polar coordinates. This is achieved due to the eigenvalues and eigenfunctions of the Dunkl angular operator J that have been found previously in Ref. [23] . In the Appendix we have given a summary of these results.
It has been shown that the Dunkl derivatives are anti-Hermitian
with respect to the scalar product [23] f |g ≡
Therefore, the operators iD x and iD y are Hermitian for all functions f and g belonging to the L 2 -space associated with the above scalar product. The Hamiltonian (4) with Dunkl derivatives leads to the equations
By multiplying on the left equation (15) by ψ 1 | and equation (16) by ψ 2 |, respectively, and using that iD x and iD y are Hermitian, we show that
This equality and the normalization condition that must satisfy the upper and lower Dirac spinor components
lead to obtain the following results
Thus, we conclude that the energy-normalized upper and lower spinor components for the Dirac-Dunkl oscillator are
3 Exact Analytical Solutions for the case ω > ω c /2
This Section is dedicated to obtain the analytical solutions of equations (11) and (12) of the upper and lower spinors ψ 1 and ψ 2 if we assume explicitly ω > ω c /2. Our results are based on the fact that the operator R x R y commutes with the operator J and with the Dunkl-KleinGordon Hamiltonian-type operators (left-hand side of equations (6) and (7)). By using the results of Appendix, we find that there are two possibilities, namely R x = R y and
In what follows, we shall study these cases separately and report the upper and lower radial spinor solutions which are finite at the coordinates origin.
Case
In this case ǫ ≡ s x s y = 1, with s x = s y = 1 or s x = s y = −1, being s x and s y the eigenvalues of R x and R y , respectively. Also, J F + = λ + F + , where For s x = s y = 1, we set ψ
The radial solutions ψ ++ 1 (ρ) are obtained by solving equation (11) with the operator J replaced by its eigenvalue λ + . Thus, we obtain
where we have defined
2 2 c 2 , we obtain that the energy spectrum for this spinor component is
Similarly, we find from equation (12) that the radial part of ψ
and the energy spectrum
Since both components ψ
and ψ
++ 2
belong to the same Dirac-Dunkl spinor, they correspond to the same energy, E
This requirement sets up a constraint between the quantum numbers k ′ and k. In fact
For the case s x = s y = −1, also the additional term to J 2 in the centrifugal potential vanishes. The upper wave function is ψ
. Therefore, the upper part for the radial spinor is found by solving equation (11) . We obtain
with its respective energy spectrum given by
From equation (12) we obtain for the lower radial spinor component ψ
and
The condition that both functions ψ 
with ℓ, ℓ ′ ∈ N.
Case R x = −R y
Here, we shall consider ǫ = s x s y = −1 and there are two possibilities: s x = 1 and s y = −1 or s x = −1 and s y = 1. As the previous case, according to the results of the Appendix, we have J F − = λ − F − , where
, ...}. For s x = 1 and s y = −1, the centrifugal factor is 1 2 (J 2 − 4µ x µ y ). Further, the fifth term in equation (11) for ψ 1 is now given by − mω (1 + µ x − µ y ). Under these considerations, we find the radial part of the eigenfunctions ψ (11) . They are given by
where it was defined 1 2mω
2 2 c 2 , we obtain the energy spectrum
Similarly, for ψ (12) we obtain
and the spectrum
Also, the condition E
k ′ imposes a restriction between the quantum numbersk and
withk,k ′ ∈ N.
Finally, we consider the second possibility of this case s x = −1, s y = 1. Also, the centrifugal factor is 1 2 (J 2 − 4µ x µ y ) and the fifth term in equation (11) for ψ 1 is given by − mω (1 −µ x + µ y ). Thus, from equation (11) we find that the radial part of the eigenfunctions ψ
From equation (12) we find the radial part of the spinor component ψ
The condition E
Therefore, because of conditions (25), (30), (35) and (40), in order to have squareintegrable Laguerre functions we must impose that the parameters involved in the Dunkl derivatives must take the values µ x ∈ N and µ y ∈ N or µ x ∈ { The above results fulfill our purpose of obtaining the analytical solutions and the energy spectrum of the relativistic Dirac-Dunkl equations (11) and (12) > ω, obtained in a similar way to those computed in Section 3. These results are reported in Table 1 , where we have defined > ω.
From equation (4) we observe that whenω = 0, H D reduces to the Hamiltonian of a relativistic free particle. In fact, the solutions of equations (11) and (12) withω = 0 represent the states of a Dunkl-relativistic free particle of energy E. The solutions to these equations for (s x , s y ) = (1, 1) and (s x , s y ) = (−1, −1) are
and for (s x , s y ) = (1, −1) and (s x , s y ) = (−1, 1)
with J B ± ( 2Ẽρ) the bessel J functions andẼ = E 2 −m 2 c 4 2 2 c 2 . We emphasize that the Dirac-Dunkl oscillator spinor components reported in the present Section and those reported in the previous one are finite at the coordinates origin and L 2 integrable according to the scalar product defined in equation (14) . Further, all the results obtained in Sections 3 and 4 agree with the energy spectrum and eigenfunctions of the relativistic oscillator coupled to an external magnetic field when we set µ x = µ y = 0 [13, 29] .
Non-Relativistic Limit of the Dirac-Dunkl oscillator
The purpose of this Section is to analyze the non-relativistic limit of the Dirac-Dunkl oscillator. To do this, we observe that equation (6) can be written in the following form
where
The non-relativistic limit is obtained by assuming that E = mc 2 + δE, with δE ≪ mc 2 . This implies that
. Under these assumptions, equation (43) leads to
where we have introduced the non-relativistic definition of the two-dimensional Dunkl oscillator [23] . If we reintroduce the total energy δE = E −mc 2 , we obtain the effective Hamiltonian in the non-relativistic limit for the upper spinor component
Similarly we proceed to obtain the non-relativistic limit for the lower component ψ 2 . This is obtained by setting E = −mc 2 +δE, where δE ≪ mc 2 . Thus,
. By substituting these results in equation (7), we can show that the effective Hamiltonian for the lower spinor component in the non-relativistic regime is
As it has been shown, our Hamiltonian can be properly reduced to the non-relativistic Hamiltonian of the harmonic oscillator in two dimensions. This reduction includes, as it is usual, an angular term, which for this case is the Dunkl angular momentum in the z-axis. Moreover, the non-relativistic limit of the Dirac-Dunkl oscillator contains terms related with the reflection operators due to the Dunkl derivatives.
Concluding Remarks
In the present paper we generalized the problem of the Dirac oscillator coupled to a uniform magnetic field by changing the standard partial derivatives by the Dunkl derivatives. From some properties of the reflection operators, we were able to decouple the differential equations for each spinor component. Due to the characteristics of our problem we divided your study into two cases, R x = R y and R x = −R y . By using known results on the eigenvalues and eigenfunctions of the angular operator J = i(xD y − yD x ), we obtained in a closed form the eigenfunctions and energy spectrum for all of the cases of the relativistic Dirac-Dunkl oscillator. In this way we are introducing a new exactly solvable quantum mechanical problem. We emphasize that, due to the generality of the Hamiltonian that we have studied in the present paper, it is properly reduced to several particular problems. Thus, if we put off the magnetic field, we obtain the generalized two-dimensional Dirac-Dunkl oscillator. Now, if we consider a fermion in a uniform magnetic field (without Dirac oscillator), we obtain the Dirac-Dunkl Landau levels. Also, we notice that when we set µ x = µ y = 0 in our Dirac-Dunkl Hamiltonian, our results reduce to the spectrum and the eigenfunctions of a relativistic oscillator coupled to an external magnetic field [13, 29] .
In Ref. [5] the relativistic problem of the Dirac oscillator plus a constant magnetic field has been solved. In that work, the authors showed that the Dirac oscillator contributes with a left-handed chirality (anti-Jaynes-Cummings) and the magnetics field contributes with a right-handed chirality (Jaynes-Cummings). Thus, there exists an interplay of opposite chirality which is used to study a relativistic phase transition. The play between JaynesCummings and anti-Jaynes-Cummings is determined by the difference between ω and ω c /2, being the critical regime when ω = ω c /2. In this case, the two-dimensional fermion behaves as a free relativistic particle. It has been shown that angular momentum in the z-direction has the role of a parameter which witnesses the quantum phase transition by changing its sign. The Dirac-Dunkl oscillator studied in the present paper is a generalization of the Hamiltonian considered in Ref. [5] . Also, we solved our problem for all the cases ω > ω c /2, ω < ω c /2 and ω = ω c . We have shown that the Dirac-Dunkl Hamiltonian has the critical regime when ω = ω c /2. In fact, it can be shown that our Hamiltonian can be written as a competition of generalized Jaynes-Cummings and anti-Jaynes-Cummings terms and that the Dunkl angular momentum J = i(xD y − yD x ) is the parameter which witnesses the quantum phase transition. These points will be reported in a future work.
Finally, we point out that the Coulomb problem [26] and the problem of a relativistic particle coupled to a uniform magnetic field plus a Coulomb potential [30, 31] in (2 + 1) dimensions can be studied by the idea introduced in the present paper. These are works in progress.
7 Appendix. The Dunkl angular momentum operator J and its eigenfunctions
In this Appendix we give the main results on the eigenvalues and eigenfunctions of the Dunkl angular operator J ≡ i(xD y − yD x ) reported in Ref. [23] . In polar coordinates it takes the form J = i(∂ φ + µ y cot φ(1 − R y ) − µ x tan φ(1 − R x )).
It can be shown that the square of this operator can be written as
Since the operator R x R y commutes with the operator J , its eigenvalues and eigenvectors are search in the form
being ǫ ≡ s x s y = ±1, and s x , s y the eigenvalues of the reflection operators R x and R y , respectively.
• If R x = R y , then ǫ = 1. In this case, the solutions of equation (51) are given by
λ + = ±2 n(n + µ x + µ y )
where n ∈ N. The functions Φ • For R x = −R y , ǫ = −1. In this case it has been shown that
λ − = ±2 (n + µ x )(n + µ y ),
where n ∈ { 
